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We analyze the quantum phase diagram of the Holstein-Hubbard model using an asymptotically
exact strong-coupling expansion. We find all sorts of interesting phases including a pair-density
wave (PDW), a charge 4e (and even a charge 6e) superconductor, regimes of phase separation, and
a variety of distinct charge-density-wave (CDW), spin-density-wave (SDW) and superconducting
regimes. We chart the crossovers that occur as a function of the degree of retardation, i.e. the ratio
of characteristic phonon frequencies to the strength of interactions.
Probably the most widely studied model of the inter-
play between electron-electron (e-e) and electron-phonon
(e-ph) interactions is the Holstein-Hubbard model [1–26].
The majority of existing studies are numerical explo-
rations, despite the fact that the problem is complicated
by the existence of multiple energy scales and a large pa-
rameter space. Monte-Carlo studies on this problem are
also generically rendered difficult by the fermion minus
sign problem [27]. In this letter we systematically explore
the “strong-coupling” regimes in which the interactions
are larger than the band-width, and a variety of results
are derived from a theoretically well-controlled pertur-
bative expansion. Qualitative results are summarized in
the schematic phase diagram in Fig. 3.
The Holstein-Hubbard model is defined as
Hˆ =− t
∑
〈i,j〉,σ
(cˆ†i,σ cˆj,σ + h.c.)− µ
∑
j
nˆj
+
Ue-e
2
∑
i
nˆ2i + α
∑
i
nˆixˆi +
∑
i
[
pˆ2i
2m
+
kxˆ2i
2
]
(1)
where 〈i, j〉 signifies pairs of nearest-neighbor sites, cˆjσ
annihilates an electron with spin polarization σ on site
j, nˆj =
∑
σ cˆ
†
jσ cˆjσ is the number operator on site j, xj
is an optical phonon coordinate at site j and pj is the
conjugate momentum. The dominant effects of strong
electron-phonon coupling can be accounted for by a uni-
tary transformation Uˆ ≡ ∏i exp [i(α/k)pˆinˆi] [28]. The
transformed Hamiltonian is
Uˆ†HˆUˆ =− t
∑
〈i,j〉,σ
(Sˆij cˆ
†
i,σ cˆj,σ + h.c.)− µ
∑
j
nˆj
+
Ueff
2
∑
i
nˆ2i +
∑
i
[
pˆ2i
2m
+
kxˆ2i
2
]
, (2)
where Sˆij ≡ exp [i(α/k)(pˆj − pˆi)] is a product of two
phonon displacement operators on site i and j, Ueff ≡
Ue-e − Ue-ph, and Ue-ph ≡ α2/k. This transformation is
exact and can be alternatively derived by a path integral
representation tracking the phonon degrees of freedom in
momentum space [43].
In the strong coupling expansion, we treat the hopping
term in the transformed Hamiltonian as a perturbation,
and the sign of Ueff determines the relevant low-energy
degrees of freedom. The resulting theories are generic
regardless of lattice structure and dimensionality, but
to have explicit examples in mind, we will mainly con-
sider the 2D square and triangular lattices. We focus
on the behavior of the model at temperature T = 0, al-
though we also make estimates of the parametric depen-
dence of the critical temperatures and account for the
temperature dependence of coefficients in the effective
models [44]. Without loss of generality, we will consider
the case in which the average number of electrons per
site, n ≡ N−1∑j〈nˆj〉 ≤ 1, and will refer to x = 1 − n
as the “concentration of doped holes.” (A particle-hole
transformation relates this problem to an electron doped
problem with n = 1 + x and with the opposite sign of
the hopping matrix elements t.) Explicit calculations are
deferred to the Supplementary Material [45].
For Ueff > 0, the ground-state manifold to zeroth or-
der in t consists of all states with no doubly occupied
sites and no phonons. Performing degenerate perturba-
tion theory up to second order yields an effective Hamil-
tonian similar to the t-J-V model (leaving implicit pro-
jection onto the space of no doubly-occupied sites and
Hermitian conjugation of quantum hopping terms):
Hˆeff =− t1
∑
〈i,j〉,σ
cˆ†i,σ cˆj,σ − t2
∑
〈i,m,j〉,σ
cˆ†i,σ(1− 2nˆm)cˆj,σ
− (τ + 2t2)
∑
〈i,m,j〉
sˆ†imsˆmj
+ J
∑
〈i,j〉
[
~Si · ~Sj − nˆinˆj
4
]
+ V
∑
〈i,j〉
nˆinˆj (3)
where t1 is the (renormalized) nearest-neighbor hopping,
t2 is a next-nearest-neighbor hopping term via an inter-
mediate site m and 〈i,m, j〉 represents a triplet of sites
such that m is a nearest-neighbor of i 6= j, (τ + 2t2) is a
singlet hopping term where sˆij = (cˆi,↑cˆj,↓ + cˆj,↑cˆi,↓)/
√
2
is the annihilation operator of a singlet Cooper pair on
bond 〈ij〉, J is the anti-ferromagnetic exchange interac-
tion, and V is the repulsion between electrons on nearest-
neighbor sites.
The values of these effective couplings can be computed
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τ = 2t
2
Ueff
e−
X
2 F (X
2
, Y ) 4t
2
Ueff+Ue-e
e−
X
2 2t
2
Ueff
J = 4t
2
Ueff
F (X,Y ) 4t
2
Ue-e
4t2
Ueff
V = 2t
2
Ue-ph
F ′(X) 2t
2
Ue-ph
2t2X2
Ue-ph
TABLE I: The expressions and the limiting behaviors of the
coefficients in the effective theory in Eq. (29).
explicitly in terms of the dimensionless functions,
F (x, y) ≡ ye−|x|
∫ ∞
0
dt · e−yt+xe−t (4)
F ′(x) ≡ x∂F
∂y
∣∣∣∣
y→0
= xe−|x|
∫ ∞
0
dt ·
(
exe
−t − 1
)
(5)
of the dimensionless parameters, X ≡ Ue-phωD and Y ≡
|Ueff|
ωD
as shown in the first column of Table I, where
ωD =
√
k/m is the optical phonon frequency. Explicit
asymptotic expressions for these functions can be ob-
tained in the large and small ωD limit, as listed in the
second and third columns of the table. In Fig. 1 we
show the effective parameters in Eq. (29) as functions
of X for given values of Ue-e, Ue-ph and t. Increasing
the e-ph coupling or lowering the phonon frequency sup-
presses quantum hopping and thus any tendency toward
superconductivity. This suppression is a manifestation of
the self-trapping crossover of the single polaron problem.
Increasing e-ph coupling enhances the spin fluctuations,
which is consistent with a previous study [16].
In the anti-adiabatic limit ωD → ∞, the e-e and e-ph
interactions are simply additive, so the effective theory is
identical to the standard t-J model generated by a Hub-
bard model with U = Ueff > 0. In this limit, t1  J and
V as usually considered, a hierarchy that remains valid
in a range of retardation. While this limit is interesting,
and has been widely studied, there is no qualitatively
new physics associated with the presence of phonons.
As the phonon frequency is lowered, J and V approach
constants, but quantum hoppings are rapidly suppressed
(reflecting the effect of a Frank-Condon overlap factor).
In the adiabatic limit ωD → 0, the effective model is
realized in the limit t1  J, V , which was previously
considered to be unphysical. In other words, the effective
model is now similar to the small t limit of the t-J-V
model studied in Ref. [29], with the difference that there
can also be other smaller hopping terms, t2 and τ . A
schematic diagram of possible phases that arise in this
limit on the triangular lattice can be seen in Fig. 2(a); a
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FIG. 1: An illustration of the coefficients as functions of
1/X = (ωD/Ue-ph), with fixed Ue-e = 30, Ue-ph = 20, and
t = 1.
similar phase diagram was discussed for the square lattice
in Ref. [29]. The nature of the resulting phases can be
seen by neglecting the hopping terms to zeroth order.
Insulating charge and spin density wave phases:
V/J  1 leads to phase coexistence of an insulating an-
tiferromagnet with x = 0 and an electron-free void with
x = 1, i.e. complete phase separation of the doped holes.
At larger values of V/J the phase diagram is more com-
plicated. Generally, for most values of x smaller than
a critical value xc, which depends on both the lattice
geometry and the value of V/J , the doped holes form
various forms of commensurate hole crystals coexisting
with some form of antiferromagnetic order, likely form-
ing some form of two-phase coexistence between two such
phases. An example of this is the
√
5 × √5 hole crystal
with x = 1/5 discussed for the square lattice in Ref. [29],
and an analogous
√
7×√7 hole crystal that likely arises
on the triangular lattice with x = 1/7.
A variety of more unusual behaviors arise at lower elec-
tron density. When x > xc, the system can be thought
of as a dilute collection of electrons, which form small
disconnected clusters. The effect of the relatively smaller
hopping terms then resolves remaining ground-state de-
generacy by degenerate perturbation theory.
Heavy Fermi liquid: For large V/J > 1, monomers
are favored; the zeroth order, extensively degenerate
ground-states consist of all configuration where no pair
of nearest-neighbor sites is occupied. When the hopping
terms are included, these monomers can be treated as
spin-1/2 fermions with a hard-core radius that extends
to nearest-neighbor sites, and a highly renormalized hop-
ping matrix element, t1. Typically we would expect this
system to form a heavy Fermi liquid, although at various
commensurate values of x, via “order from disorder,” it
may well exhibit commensurate CDW order with some
form of accompanying SDW order. It also can have a
very low T Kohn-Luttinger type instability to unconven-
tional superconductivity.
Hard Core Dimer fluid: For ν2 < V/J < 1, where
3ν2 is lattice-dependent (ν2 = 0.5 and 0.43 for the square
and triangular lattices respectively), singlet pairs of elec-
trons on nearest neighbor bonds are energetically opti-
mal. These dimers are eliptical hard-core bosons [46],
and the zeroth order ground states can be labeled by
dimer configurations where the dimers satisfy both a
hard-core constraint (no two dimers touch the same site)
and a nearest-neighbor exclusion (no pair of nearest-
neighbor sites are touched by distinct dimers).
The ground-state degeneracy is lifted when the effect
of hopping terms is included. While at special commen-
surate densities, this could lead to an insulating CDW
phase, generically it leads to charge 2e singlet superfluid
phases of various sorts. To address the nature of these
phases, we write the effective model of hard-core dimers:
Hˆdimer = −
∑
〈ij〉,〈mn〉
(
τij,mnsˆ
†
ij sˆmn + h.c.
)
, (6)
where τij,mn is the effective pair hopping amplitude be-
tween bond 〈ij〉 and bond 〈mn〉. There are various dis-
tinct types of hopping processes that can arise up to sec-
ond order in t and contribute to different sorts of dimer
hopping amplitudes. Generically, dimers can be moved
by the singlet-pair hopping (τ + 2t2) and next-nearest-
neighbor hopping t2. (Another second order process in
t1 can also hop dimers, which has amplitude
t21
J−V , but
this is unimportant in the adiabatic limit since it is sup-
pressed relative to the terms we have kept by a factor
of e−
X
2 .) These processes in the second order of t all
make positive contributions to τij,mn, independent of the
sign of t. When all τij,mn ≥ 0, Hˆdimer satisfies the con-
ditions of the Perron-Frobenius theorem, and hence it
is minimized by a Bloch state with ~k = ~0 and all posi-
tive amplitudes. Since at finite dimer density, the system
likely forms a Bose condensate, this implies the pair-field
is spatially uniform on square and most other lattices.
However, on a triangular lattice (or other frustrated
geometries), dimers can hop via a first order process in
t1, in which one end of a dimer pivots by 60
◦ about the
other end. This process contributes to the type of pair
hopping labeled τ∠ in Fig. 2(b), and has much larger
amplitude than τ and t2. Consequently, τ∠ has the same
sign as of t, and is larger in magnitude than the remain-
ing terms τ‖, τ ′‖, and τ . This opens the possibility of
exotic condensation when t < 0. On a triangular lat-
tice, there are three possible dimer states per unit cell,
and correspondingly three bands. Taking into account
only the largest pair-hopping term, τ∠, these consist of
a flat band and two dispersing bands, such that the flat
band is the lowest if t < 0. Including the effects of the
smaller pair-hopping terms, we find that in the adiabatic
limit, the band minima occur at the K and −K points
in the Brillouin Zone. A dimer Bose-condensate thus re-
sults in some form of a PDW [30]. A state in which
the condensed bosons have momentum either K or −K
FIG. 2: For triangular lattice, (a) a schematic phase diagram
for t1  J, V model, (b) an illustration of various pair hopping
terms appearing in Hˆdimer (Eq. 6) and (c) a possible PDW
pattern, the thickened bonds have pair-field proportional to
+φ and others −φ
2
, where φ is the amplitude.
breaks time-reversal symmetry, but has a spatially uni-
form magnitude of pair-field. If time-reversal symmetry
is preserved, singlets equally condense in ±K, resulting
in a translation symmetry breaking pattern of the pair-
field, as shown in Fig. 2(c). Which form of condensate
is favored remains to be determined due to the strongly
interacting nature of bosons in the present problem al-
though it was shown that the plane-wave state is favored
for the case of weakly interacting bosons [31]. For a Bose
condensate at either Γ or K point, the curvature of the
band bottom is set by terms to the second order in t and
the superconducting transition temperature is paramet-
rically small, Tc ∼ t2e−X2 , in the adiabatic limit.
Polygonal fluid: Further reducing V/J , different lat-
tices lead to different optimal clusters. On a square
lattice, a tetramer (square) minimizes the energy for
ν4 < V/J < ν2 = 0.5, and phase separation occurs for
V/J < ν4 = 0.418. On a triangular/honeycomb/Kagome
lattice, a hexamer minimizes the energy for ν6 < V/J <
ν2 = 0.434, and phase separation occurs for V/J < ν6 =
0.290/0.390/0.215. These clusters are hard-core bosons
with nearest-neighbor exclusion that can condense into
charge 4e or 6e superconducting phases. The quantum
hopping of these clusters derives from high order process,
so the superconducting transition temperature should be
low and upper-bounded by tp1, where p is the number of
electrons in the cluster.
It is not always the case that the simple Hubbard-
Holstein model can realize all the interesting ranges
of V/J . In particular, in the adiabatic limit, V/J =
Ue-e
2Ue-ph
> 0.5. However, the introduction of weak disper-
sion of the phonons or longer-ranged coupling to the elec-
tron densities will introduce nearest-neighbor attraction
in the zeroth order that can be easily comparable with J ,
and drive the system into the interesting cluster-phases.
As a concrete example, adding weak phonon coupling to
nearest neighbor sites Hˆ ′ =
∑
<i,j> α
′(nˆi + nˆj)(xˆi + xˆj)
4ωD → 0 ωD →∞
tb =
2t2
|Ueff|F (−X,Y )
2t2
|Ueff|
Ue-ph
Ue-e
e−(X+Y ) 2t
2
|Ueff|
Vb =
4t2
|Ueff|F (X,Y )
4t2
Ue-ph+|Ueff|
4t2
|Ueff|
TABLE II: The expressions and the limiting behaviors of the
coefficients in the effective theory in Eq. 7.
introduces a small nearest-neighbor attraction α
′2
k with-
out modifying the hopping terms.
For Ueff < 0, the degenerate ground state manifold in
the absence of hopping consists of states occupied by
pairs of electrons (on-site bipolarons) and no phonon. In-
cluding hopping in degenerate perturbation theory yields
Hˆeff = −tb
∑
〈i,j〉
(bˆ†i bˆj + h.c.) + Vb
∑
〈i,j〉
bˆ†i bˆibˆ
†
j bˆj (7)
where bˆi ≡ cˆi,↑cˆi,↓ annihilates a hard-core boson (bˆ†j bˆj =
0, 1 is implicitly imposed), and tb and Vb are, respectively,
the nearest-neighbor hopping and repulsion whose values
are listed in Table II. This is a standard hard-core bo-
son model (or equivalently a spin-1/2 XXZ model), for
which superfluidity and charge orders were investigated
on various lattices [32–36]. Below a Kosterlitz-Thouless
transition ∼ tb, superfluidity is podssile. This tran-
sition temperature is also parameterically small, Tc .
(t2/|Ueff |)e−X . Particular interesting possibilities are su-
persolid phases on frustrated lattices, where the pre-
dicted phase region tb ≤ 0.1Vb for triangular lattice [35]
is clearly accessible through tuning retardation. In-
deed, coexisting superconducting and charge orders were
predicted theoretically [5] and have been seen in a re-
cent study of the triangular lattice Holstein model [37].
Above the superfluid transition temperature, but below
the binding energy |Ueff|, the system is essentially a clas-
sical bipolaron gas, where various commensurate charge
orders and phase separations can exist below an Ising
critical temperature ∼ Vb [25]. Manifestly, increasing the
e-e repulsion can enhance charge and especially super-
conducting order, which contradicts a previous study on
the weak coupling regime [12].
Range of validity of the effective theories: The
effective models we have derived operate in reduced
Hilbert spaces with restricted site occupancies (deter-
mined by the sign of Ueff) and zero phonon excitations.
These restrictions become invalid when excitation ener-
gies in the unperturbed Hamiltonian are no longer large
compared with the corresponding perturbation matrix el-
ements. Specifically, all possible site occupancies should
be considered when |Ueff| . |t1| = |t|e−X/2, and phonon
excitations should be included if ωD . |t1|
√
X
2 . These
narrow regions are enclosed with solid lines and hashed
out in the schematic phase diagram in Fig. 3.
Within the reduced Hilbert space, there remains the
FIG. 3: A schematic phase diagram of the Holstein-Hubbard
model in the strong-coupling limit. The black or blue dashed
lines separate large and small |t1/J | or |t1/V | regimes. The
meanings of other lines are discussed in the text, and corre-
spond to the indicated equalities. The condition V = V (m) is
not plotted to region V < |t1|, since all V (m) interactions are
small compared to quantum hopping in this region.
issue of whether it is sufficient to compute the effec-
tive interactions to low order in powers of |t|. This is
controlled so long as the longer-ranged interactions gen-
erated by higher order terms are small compared with
the terms we have already considered. This sort of
analysis was carried out for the strong-coupling limit
of the Hubbard model in ref. [38]. For the m-th or-
der of J (m), V (m) or V
(m)
b series, we evaluate the am-
plitudes of virtual processes involving hopping around
m sites, and regard them as representative. The condi-
tion (valid so long as Ue-e  Ueff ∼ |t|) for J  J (m)
and Vb  V (m)b is: |Ueff|  min{|t|, rmUe-phe−X},
where rm ≡ m2(m−1) . Similarly, V  V (m) so long as
Ue-ph  |t| · min{1, X · 2− 1m−2 }. The black and blue
dashed-dotted lines in Fig. 3 are thus defined, as in-
dicated, by the estimation J ≈ J (m), Vb ≈ V (m)b or
V ≈ V (m) for m = 3 (for triangular lattice) and m = 4
(for square lattice). Longer-ranged interactions are sig-
nificant inside these lines.
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A. Momentum Space Path Integral Derivation of generalized Holstein-Lang-Firsov transformation
We can consider the electron-phonon problem in a general scenario, where we allow arbitrary phonon dispersion and
electronic band structure and interaction, with the only assumption that e-ph interaction couples phonon coordinates
and electron densities. Writing the phonon degrees of freedom in their normal modes, we have Hamiltonian:
Hˆe = −
∑
ij,σ
(tij cˆ
†
i,σ cˆj,σ + h.c.) +
1
2
∑
ij
U e-eij nˆinˆj (8)
Hˆph =
∑
l
(
klxˆ
2
l
2
+
pˆ2l
2ml
)
(9)
Hˆe-ph =
∑
i,l
αilnˆixˆl (10)
This problem have an alternative form by a generalized Hostein-Lang-Firsov transformation. To see this, we perform
path integral tracking the phonon degrees of freedom in their momentum space. After Trotter-Suzuki decomposition,
the phonon-related terms at imaginary time τ can be evaluated:∏
l
∫
dpτl dx
τ
l 〈pτl |e−∆τ(
pˆ2l
2m+
kxˆ2l
2 +
∑
i αilnˆixˆl)|xτl 〉〈xτl |pτ+∆τl+1 〉
=
∏
l
∫
dpτl dxle
−∆τ
[
p2l
2m+
klx
2
l
2 +(
∑
i αilnˆl−ip˙l)xl
]
∝
∫ ∏
l
dpτl exp
−∆τ
∑
l
(
p2l
2m
+
p˙2l
2kl
)−
∑
ij
U e-phij
2
nˆinˆj +
∑
i,l
i
αil
kl
nˆip˙l
 (11)
where U e-phij ≡
∑
l αilαjl/kl. After performing the fermionic coherent state path integral, we reach the action:
Z =
∫
D[ψ¯i, ψi]D[pi]e−S[ψ¯i,ψi;pi]
S =
∫
dτ
∑
ij
ψ¯iσ
[
(∂τ − µ+
∑
l
i
αil
kl
p˙l)δij − tij
]
ψjσ +
∑
ij
U effij
2
ninj +
∑
l
(
p2l
2m
+
p˙2i
2kl
)
=
∫
dτ
∑
ij
ψ¯iσ
[
(∂τ − µ)δij − t˜ij
]
ψjσ +
∑
ij
U effij
2
ninj +
∑
l
(
p2l
2m
+
p˙2i
2kl
) (12)
with t˜ij ≡ tije
∑
l i
αil−αjl
kl
pl and U effij = U
e-e
ij − U e-phij . In the last line we perform unitary transformation ψiσ →
ψiσe
−∑l iαilkl pl . (For |U effij | < tij , this form of action may be useful for perturbation theory.) This expression is
exactly the momentum space path integral of the transformed theory of the generalized unitary transformation
Uˆ = exp
[
i
∑
j,l αjlk
−1
l nˆj pˆl
]
:
Hˆ = −
∑
ij,σ
(t˜ij cˆ
†
i,σ cˆj,σ + h.c.) +
1
2
∑
ij
U effij nˆinˆj +
∑
l
(
klxˆ
2
l
2
+
pˆ2l
2ml
)
(13)
For sound modes, translation symmetry of the whole crystal make the coupling between electron density and a sound
~u on wavevector ~q at most α(~q) ∼ ~q · ~u and the normal mode stiffness k(~q) ∼ q2 in the infrared limit, which results in
a ∼ r−d interaction at long distance in d-dimension. While optical modes with k(~q) ∼ q20 + q2 and α(~q) ∼ α0 +α′qγ≥0
generate exponentially decaying interaction.
After taking dispersion of phonons and more generic coupling into consideration, we will have a complicated
Hamiltonian at the zeroth order of expansion at strong-coupling limit. Truncating the interactions that is weaker
than the leading quantum hopping, we can first solve a classical interacting lattice electron gas problem and then
7introduce hopping and longer range interactions as perturbations. Therefore, in seeking a charge ne superconductor,
we may resort to a weakly dispersive or widerly coupled optical mode that generate relatively weak nearest-neighbor
(∼ t2Ue-e ) attraction to tune the effective V/J into the desirable range. As a concrete example, adding weak phonon
coupling to nearest neighbor sites in the original Holstein-Hubbard model:
Hˆ ′ =
∑
<i,j>
α′(nˆi + nˆj)(xˆi + xˆj) (14)
can introduce small on-site and nearest-neighbor attraction ∼ α′2k′ without modifying the hopping matrix.
B. Sign-problem free on bipartite lattices at half filling and Ueff ≥ 0
At half filling, µ = 0 and the interacting term in the transformed Hamiltonian can be written as
Ueff
∑
i
(nˆi↑ − 1
2
)(nˆi↓ − 1
2
) (15)
Applying discrete Hubbard-Stratonovich transformation, and defining λ = cosh−1(e∆τUeff/2):
e−∆τUeff(nˆi↑−
1
2 )(nˆi↓− 12 ) =
1
2
e−∆τUeff/4
∑
s=±1
e−λs(nˆi↑−nˆi↓) (16)
Under cˆ†i↓ → (−1)icˆi↓ on bipartite lattice:∑
σ
(Sˆij cˆ
†
i,σ cˆj,σ + h.c.)→ (Sˆij cˆ†i,↑cˆj,↑ + Sˆ†ij cˆ†i,↓cˆj,↓ + h.c.)
e−λs(nˆi↑−nˆi↓) → e−λs(nˆi↑+nˆi↓) (17)
In momentum basis, Sij = e
iαk (pj−pi) is a pure phase for arbitrary phonon configurations. Therefore the determinants
for up- and down-spin are mutually complex conjugated; the problem is thus sign free. Another approach rending
this model sign-problem free appears in Ref. [26].
C. Detailed Calculation of F , F ′
Take the computation for J = t
2
Ueff
F (X,Y ) as an example (tb, Vb can be similarly acquired), we consider two singly
occupied sites and the virtual process in which one of the electrons hops between the two sites twice. In the form
factor all possible phonon configurations on two sites in the intermediate state should be considered:
F (X,Y ) =
Ueff
ωD
∞∑
n,m=0
〈0, 0| exp [−i(α/k)(pˆ1 − pˆ2)]|n,m〉〈n,m| exp [i(α/k)(pˆ1 − pˆ2)]|0, 0〉
(n+m) + UeffωD
= Y
∞∑
n,m=0
〈0| exp
[
−
√
X
2 (a− a†)
]
|n〉〈n| exp
[√
X
2 (a− a†)
]
|0〉 · (n↔ m,h.c.)
(n+m) + Y
= Y
∫ ∞
0
dt
∞∑
n,m=0
exp [−(n+m)t− Y t]
· 〈0| exp
[
−
√
X
2
(a− a†)
]
|n〉〈n| exp
[√
X
2
(a− a†)
]
|0〉 · (n↔ m,h.c.)
= Y
∫ ∞
0
dt
∞∑
n,m=0
exp [−(n+m)t− Y t−X] · (
X
2 )
n
n!
· (
X
2 )
m
m!
= Y e−X
∫ ∞
0
dt exp {−Y t+X exp(−t)}
= Y e−X
∫ 1
0
dz · zY−1eXz (18)
8The last line is easier for numerical integration.
Similarly we can compute F ′, taking V = t
2
Ue-ph
F ′(X) as an example:
F ′(X) = X
∞∑
n+m 6=0
〈0| exp
[
−
√
X
2 (a− a†)
]
|n〉〈n| exp
[√
X
2 (a− a†)
]
|0〉 · (n↔ m,h.c.)
n+m
= X
∫ ∞
0
dt
∞∑
n+m 6=0
exp [−(n+m)t−X] · (
X
2 )
n
n!
· (
X
2 )
m
m!
= Xe−X
∫ ∞
0
dt · (eXe−t − 1)
= Xe−X
∫ 1
0
dz · z−1(eXz − 1) (19)
Alternatively, the primed factors can also be computed via identity F ′ = X ∂F∂Y |Y→0. The calculation for t2 and τ are
analogous, except that the intermediate state should excite phonon only on the middle site.
It is useful to consider an approximate expression of F (x, y) to investigate the crossover between two limiting
behaviors (assume x > 0):
F (x, y) =
∫ ∞
0
dt exp {−t− x [1− exp(−t/y)]}
≥
∫ y
0
dt exp
{
−t− x
y
t
}
+
∫ ∞
y
dt exp {−t− x}
=
y
x+ y
+
x
x+ y
e−(x+y) (20)
F (−x, y) ≤ x
x− y e
−(x+y) − y
x− y e
−2x (21)
In practice these expressions give quite good approximation to the original integral and is exact in adiabatic and
anti-adiabatic limit.
From this expression we can estimate that, when Xe−(X+Y )  Y , or equivalently X  Ue-phUe-e ln
Ue-ph
Ueff
, F (X,Y )
crossover from 1 to YX+Y . When Ueff/Ue-e is small, this crossover boundary approximates to Ueff ∼ Ue-ee−X .
D. Finite-temperature correction to F ’s
To take temperature into account, we replace all 〈0| · |0〉 with (1− e−βωD )∑k e−kβωD 〈k| · |k〉. Then we will need to
evaluate terms like (D is the displacement operator of boson coherent states):
∑
k,n
〈n|D(±a)|k〉e−k1〈k|D(a)|n〉e−n2 = exp
[
−a2 (1± e
−1)(1± e−1)
1− e−1e−2
]
(22)
With the aid of this identity and 1n+Y =
Y
2 sinpiY
∫ pi
−pi dθ(−)nei(n+Y )θ , we might find the modified F ’s (we label
F (X,Y ) as Fsgn(X)(|X|, Y ) to account for the different behavior when X take different signs):
Fβ,±(X,Y ) =
Y
2 sin(piY )
∫ pi
−pi
dθ exp
{
iY θ −X
[
(1± e−βωD−iθ)(1± eiθ)
1− e−βωD
]}
=
Y
sin(piY )
∫ pi
0
dθ exp
{
−X 1 + e
−βωD
1− e−βωD (1± cos θ)
}
· cos(Y θ ∓X sin θ) (23)
9Defining fβ ≡ 1+e−βωD1−e−βωD ≥ 1, the only non-trivial limit would then be X,Y  1 for Fβ,+. In this case, we can estimate:
Fβ,+ =
Y
sin(piY )
∫ pi
0
dθ exp {−Xfβ(1− cos θ)} · cos(Y θ +X sin θ − piY )
≈ Y
∫ ∞
0
dθ exp
{
−X
2
fβθ
2
}
· [sin(Xθ + Y θ) + cos(Xθ + Y θ) · cot(piY )]
=
Y√
Xfβ/2
·D( X + Y√
2Xfβ
) D denotes Dawson’s integral
+ cot(piY ) ·
√
pi
2Xfβ
Y e
− (X+Y )22Xfβ
≈ Y
X + Y
+
XY fβ
(X + Y )3
+O(1/(X + Y )3) (24)
F ′β,+ =
∂Fβ,+
∂Y
∣∣∣∣
Y→0
≈ 1 + fβ
X
+O(1/X2) (25)
A similar calculation shows that Fβ,− and F ′β,− are exponentially suppressed by e
− (X+Y )22Xfβ and e
− X2fβ . The above
estimations are valid as long as Y is not close to any integer. For the relatively simple case X +Y  1, it is also easy
to show that fβ starts to appear from the first order in X,Y .
Therefore, as long as X,Y  (fβ − 1) or  1/(fβ − 1), our calculation of coefficients in the effective theory shall
be accurate. For convenience we define β ≡ fβ − 1 = fβ ≡ 2e−βωD1−e−βωD
E. Higher Order Interaction
We consider the virtual process amplitude in which an electron hops around a m-site ring as representative for
higher order interactions. Taking Ueff > 0 case as example, this process represents the superexchange among m singly
occupied sites, the interaction strength related to this amplitude can be written as:
J (m) =
tm
Um−1eff
F (m)(X,Y )
F (m)(X,Y ) = Y m−1
∞∑
n0,n1,...,nm−1=0
〈0, . . . , 0|Sˆ0,1 |n0, n1, 0, . . . , 0〉〈n0, n1, 0, . . . , 0|
(n0 + n1) + Y
· · ·
|n0, 0, . . . , 0, nm−1〉〈n0, 0, . . . , 0, nm−1|
(n0 + nm−1) + Y
Sˆm−1,0|0, . . . , 0〉
= Y m−1
∫ ∞
0
dt1 · · · dtm−1
∞∑
n0,n1,...,nm−1=0
exp
[
−(n0 + Y )
m−1∑
i=1
ti −
m−1∑
i=1
niti − mX
2
]
m−1∏
i=1
(X2 )
ni
ni!
= Y m−1e−
mX
2
∫ ∞
0
dt1 · · · dtm−1 exp
[
−Y
m−1∑
i=1
ti +
X
2
(
e−
∑m−1
i=1 ti +
m−1∑
i=1
e−ti
)]
(26)
≤ Y m−1e−mX2
∫ ∞
0
dt1 · · · dtm−1 exp
[
−Y
m−1∑
i=1
ti + rmX
(
m−1∑
i=1
e−ti
)]
= [F (rmX,Y )]
m−1 (rm ≡ m
2(m− 1)) (27)
With the aid of approximation in eq. 20, we can prove that a sufficient condition for J (2)  J (m) is (assuming
Ue-e  Ueff ∼ t): Ueff  t or |Ueff|  rmUe-phe−X . A nearly identical calculation for Vb yields the same condition of
|Ueff|.
The corresponding phonon-assisted hopping process amplitude can be seen as a representative of V (m). It can be
written as V (m) = t
m
Um−1e-ph
F ′(m)(X) and F ′(m)(X) = Xm−1∂m−1Y F
(m)(X,Y )|Y→0/(m − 1)!. Equivalently, we can also
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compute by eliminating the 1/Y divergence order by order when taking Y → 0 limit. This leads to:
J (m) =
tm
Um−1e-ph
F ′(m)(X)
F ′(m)(X) = Xm−1e−
mX
2
∫ ∞
0
dt1 · · · dtm−1
[
exp
(
X
2
e−
∑m−1
i=1 ti
)
− 1
]
exp
[
X
2
m−1∑
i=1
e−ti
]
+ e−
X
2 [F ′(X/2)]m−1 (28)
When X  1, F ′(m)(X)→ Xm2 + (X2 )2(m−1); when X  1, dominant contribution comes from the region ti < 1X , so
F ′(m)(X)→ 1. Therefore, a sufficient condition for J (2)  J (m) is Ue-ph  t ·min(X · 2− 1m−2 , 1).
F. Small clusters in t J, V model
Dilute collection of electrons tend to form small clusters in t J, V model. The shape of the clusters is energetically
optimized over all possible configurations. In Ref. [29] the authors only considered square lattice, here we extend the
exact diagonalization calculation to triangular and honeycomb lattices and list the per-particle energies for various
candidate clusters. Other clusters with clearly higher energy (e.g. longer rings of Heisenberg chain [39]) or size larger
than 16 are not shown or considered.
dimer tetramer hexamer infinite
square lattice
1
2 (V − J)
V − 34J × 2V − 1.168J
triangular lattice 54V − 34J
V − 0.7171J
3V − 1.296J [40]
honeycomb lattice × 1.5V − 0.9195J [41]
Kagome lattice × 2V − 0.9322J [42]
In all these lattices, monomer is optimal for V > J . Lowering the repulsion, dimer becomes favorable. Further
reducing V , different lattices lead to different results. On square lattice, tetramer minimizes energy for V/J < 1/2
until phase separation occurs at V/J < 0.418. On triangular/honeycomb/Kagome lattice, hexamer minimizes energy
for V/J < 0.434 until phase separation occurs at 0.290/0.390/0.215.
G. Singlet pairing on triangular lattices
For the Holstein-Hubbard model with Ueff > 0, the low-energy effective Hamiltonian is a t− J − V model (leaving
implicit projection onto the space of no doubly-occupied sites and hermitian conjugation of quantum hopping terms)
Hˆeff =− t1
∑
〈i,j〉,σ
cˆ†i,σ cˆj,σ + J
∑
〈i,j〉
[
~Si · ~Sj − nˆinˆj
4
]
+ V
∑
〈i,j〉
nˆinˆj
−
∑
〈i,m,j〉
[
t2
∑
σ
cˆ†i,σ(1− 2nˆm)cˆj,σ + (τ + 2t2)sˆ†misˆmj
]
(29)
In the adiabatic limit of ωD → 0 (X,Y → ∞, t1, t2, τ → 0) with suitable range of 1 > V/J > 1/2, dilute electrons
form singlet dimers on nearest neighboring bonds due to the dominance of interactions. Taking back the quantum
hopping terms into account, it is straightforward to obtain the effective model for a single dimer that hints the ground
state pairing:
Hdimer = −
∑
〈ij〉,〈mn〉
(
τij,mnsˆ
†
ij sˆmn + h.c.
)
, (30)
where τij,mn is the effective pair hopping amplitude between bond 〈ij〉 and bond 〈mn〉, sˆ†ij is the singlet creation
operator on bond 〈ij〉. To the linear order of t1, τ and t2 and to the second order of t1, there are four types of pair
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FIG. 4: (a) The various pair hopping terms on the triangular lattice. (b) A possible PDW configuration with time reversal
symmetry.
hopping. On triangular lattice, as shown in Fig. 4, the four types of hopping have amplitudes:
τ‖ = τ + t2 +
t21
J − V , (31)
τ ′‖ =
t21
J − V , (32)
τ = τ + 2t2 +
t21
J − V (33)
τ∠ = t1 + τ . (34)
In each unit cell, there are three possible states for dimers on a,b,c-bonds. In the momentum space, we obtain the
3× 3 pair hopping matrix h~k:
1
2
h~k = −

τ‖ cos ka + τ ′‖(cos kb + cos kc) τ∠ cos
kc
2 + τ cos
ka−kb
2 τ∠ cos
kb
2 + τ cos
ka−kc
2
τ∠ cos kc2 + τ cos
ka−kb
2 τ‖ cos kb + τ
′
‖(cos ka + cos kc) τ∠ cos
ka
2 + τ cos
kb−kc
2
τ∠ cos kb2 + τ cos
ka−kc
2 τ∠ cos
ka
2 + τ cos
kb−kc
2 τ‖ cos kc + τ
′
‖(cos ka + cos kb)
 . (35)
where ki ≡ ~k · ~Ri, and ~Ra,b ≡ (1,±
√
3)/2, ~Rc = (−1, 0).
In general the eigenvalues are hard to acquire. Through numerical experiments, we find the minima lie along high
symmetry line ky = 0. Then we consider:
1
2
h~k|ky=0 = −

τ‖ cos kx2 + τ
′
‖(cos kx + cos
kx
2 ) τ∠ cos
kx
2 + τ τ∠ cos
kx
4 + τ cos
3kx
4
τ∠ cos kx2 + τ τ‖ cos
kx
2 + τ
′
‖(cos kx + cos
kx
2 ) τ∠ cos
kx
4 + τ cos
3kx
4
τ∠ cos kx4 + τ cos
3kx
4 τ∠ cos
kx
4 + τ cos
3kx
4 τ‖ cos kx + 2τ
′
‖ cos
kx
2
 . (36)
The eigenvalues are
0(kx) =− 2[τ ′‖ cos kx + (τ‖ + τ ′‖ − τ∠) cos
kx
2
− τ ] (37)
±(kx) =− [(τ ′‖ + τ‖) cos kx + (τ‖ + 3τ ′‖ + τ∠) cos
kx
2
+ τ ]
±
√[
(τ ′‖ − τ‖) cos kx + (τ‖ − τ ′‖ + τ∠) cos
kx
2
+ τ
]2
+ 8(τ∠ cos
kx
4
+ τ cos
3kx
4
)2 (38)
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For lower band −, there is a minimum at kx = 4pi3 with −(
4pi
3 ) =
1
2 (τ∠ − 2τ ) − 3/2|τ∠ − 2τ | + τ‖ + 2τ ′‖, and
an extremum at kx = 0 with −(0) = −(τ∠ + τ ) + 3|τ∠ + τ | − 2τ‖ − 4τ ′‖. When −( 4pi3 ) < −(0) (which requires
t1 > 2τ + 4t2 +
2t21
J−V and
t21
J−V < τ + 3t2, and is always true in the adiabatic limit X → ∞), there is a PDW with
wavevector on K and -K points (~k = (± 4pi3 , 0)). The corresponding eigenvector is (ψa, ψb, ψc) = (−1,−1, 1) and a
possible PDW pattern with time reversal symmetry can be acquired, as shown in Fig. 4(b), where the singlets equally
condense to K and -K points.
